In many new physics scenarios, the particle content of the Standard Model is extended and the Higgs couplings are modified, sometimes without affecting single Higgs production. We analyse two models with additional quarks. In these models, we compute double Higgs production from gluon fusion exactly at leading-order, and present analytical results in the heavy-quark mass approximation. The experimental bounds from precision electroweak measurements and from the measured rate of single Higgs production combine to give significant restrictions for the allowed deviation of the double Higgs production rate from the Standard Model prediction as well as on the branching ratio for the Higgs decay into photons. The two models analysed eventually present a similar Higgs phenomenology as the Standard Model. We connect this result to the magnitude of the dimension six operators contributing to the gluon-fusion Higgs production.
I. INTRODUCTION
The search for the source of electroweak symmetry breaking has dominated particle theorist's efforts for decades. Now that a particle with many of the right properties to be the Higgs boson of the Standard Model has been discovered [1, 2] , the efforts turn to understanding the properties of this particle. In the Standard Model, the couplings of the Higgs boson to fermions, gauge bosons, and to itself are firm predictions of the model. In models with new physics, however, these couplings can be different.
The dominant production mechanism for a Higgs boson is gluon fusion, which is sensitive to many types of new physics. The simplest possibility is for new heavy colored scalars [3, 4] and/or fermions [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] to contribute to Higgs production. However, since the observed Higgs candidate particle is produced at roughly the Standard Model rate, extensions of the Higgs sector beyond the Standard Model are extremely constrained. For example, a model with a sequential fourth generation of chiral fermions predicts large deviations in the Higgs rates [16] [17] [18] [19] [20] and is excluded by the limits on Higgs production for any Higgs mass below around 600 GeV [21, 22] . The properties of these potential new colored particles are further limited by precision electroweak measurements. Models in which the Higgs boson is composite [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] , along with models which generate new higher dimension effective operators involving the Higgs boson and gluons [35, 36] , can also induce a single Higgs production rate different from that of the Standard Model. Untangling the source of possible deviations from the Standard Model by measuring the production and decay rates of the Higgs boson will be quite difficult in models where there are only small differences from the Standard Model predictions.
In this paper, we examine the extent to which the gluon fusion production of two Higgs bosons can have a rate very different from that predicted by the Standard Model [37, 38] , given the restrictions from electroweak precision physics and from single Higgs production.
The observation of double Higgs production via gluon fusion is important in order to measure the cubic self coupling of the Higgs boson [39, 40] . In the Standard Model, the rate is small, although the O(α 3 s ) radiative corrections are known in the infinite top quark mass limit and are large [41, 42] . For a 125 GeV Higgs particle, the most likely channel for HH exploration is gg → HH → bbγγ [43] , where studies have estimated that the LHC at full energy will be sensitive to this process with around 600 fb −1 . Using jet substructure techniques, the HH → bbW + W − and HH → bbτ + τ − channels may be available with about 600 fb −1 [44] and 1000 fb −1 [40] . This is clearly not physics which will be done during the early phase of LHC operations, unless the rate is significantly larger than in the Standard Model [45] .
Double Higgs production can further be studied through vector boson fusion, which is also sensitive to the three Higgs self coupling [46] . Vector boson fusion production of two Higgs bosons can be affected by new operators involving the W and Z gauge bosons and the Higgs, but is not sensitive to the new colored particles which contribute to the gluon fusion process. Hence the two production mechanisms can provide complementary information.
Double Higgs production from gluon fusion first occurs at one loop and is therefore potentially modified by the same new heavy colored particles which contribute to single Higgs production. However, as pointed out in Ref. [36] , single and double Higgs production are sensitive to different higher dimension effective operators and in principle, the single
Higgs production rate could be Standard Model like, while the double Higgs production could be highly suppressed or enhanced. Here, we consider the effects of both heavy vectorlike and chiral colored fermions on the single and double Higgs production rates, and the interplay between them. We will not consider models with extended Higgs sectors, or with higher dimension non-renormalizable operators.
For single Higgs production, it is useful to analyze the effects of non-Standard Model colored particles using a low energy theorem [47] . The theorem can be formulated using the background field method in terms of the traces of the mass matrices of colored objects, which eliminates the need to diagonalize complicated mass matrices [48] . The low energy theorem can be extended to double Higgs production, where new features arise [34] . In models with extended fermion sectors (for example, in little Higgs models [49] [50] [51] [52] [53] [54] [55] ) there are contributions to double Higgs production containing more than one flavor of fermion [56] . These diagrams contain axial couplings to the Higgs boson which are non-diagonal in the fermion states and we demonstrate how these effects can be included using a low energy theorem. Low energy theorems are extremely useful for single Higgs production and generally give estimates of the total cross section which are quite accurate. For double Higgs production, however, the low energy theorems provide an estimate of the total rate which typically disagrees with the exact rate by 50% or more. The low energy theorem does not reproduce kinematic distributions accurately, but instead predicts high energy tails which are not present in the full theory [57] . In this paper, we study the effects of heavy colored fermions on the gluon fusion double
Higgs production rate and show that agreement with single Higgs production requires the double Higgs rate to be close to that of the Standard Model. We demonstrate how this can be understood in terms of the effective operator approach of Ref. [36] and discuss the limitations of the low energy theorem for gg → HH. Interestingly, composite Higgs models and little Higgs models receive potentially large corrections to the gg → HH process from the non-renormalizable operator ttHH. The observation of such a large effect would be a "smoking gun" signal for such models [33, 34, 45] .
II. DOUBLE HIGGS PRODUCTION

The Standard Model
In the Standard Model, double Higgs production from a gluon-gluon initial state arises from the Feynman diagrams shown in Fig. 1 . The result is sensitive to new colored objects (fermions or scalars) in the loops and to the Higgs trilinear self-coupling. The amplitude for
where P 1 and P 2 are the orthogonal projectors onto the spin-0 and spin-2 states respectively,
s, t, and u are the partonic Mandelstam variables,
p T is the transverse momentum of the Higgs particle,
and v = ( √ 2G F ) −1/2 = 246 GeV. The functions F 1 and F 2 are known analytically [37, 38] .
Finally, the partonic cross section is given by
where we included the factor of 1 2 for identical particles in the final state.
In the Standard Model, the chiral fermions are
where i = 1, 2, 3 is a generation index and the Lagrangian describing the quark masses is
Here Φ = (φ
. Note that in the Standard Model the Higgs couplings λ u,d i are purely scalar. In the following we will focus on the third generation quarks and use the standard notation u
In the Standard Model, the dominant contributions come from top quark loops. Analytic expansion of the amplitudes in the limit m 2 t >> s yields the leading terms
Here θ is the angle between an initial state gluon and final state Higgs,
In F In Fig. 2 , we compare the total cross section for double Higgs production at different orders in the large mass expansion against the exact result 1 , as a function of the center of mass energy in pp collisions. We use the CT10 NLO PDF set [58] and run the strong coupling constant through NLO from its value α s (m Z ) = 0.118. We fix m t = 173 GeV and m b = 4.6 GeV. The low energy theorem results are quite sensitive to the scale choice, and typically reproduce the exact results to within roughly 50% error. This "agreement" between the infinite mass approximation (LET) and the exact result is not improved by the inclusion 1 The exact result always includes the contributions from both the top and bottom quarks. of higher orders in the large mass expansion. In single Higgs production, the reliability of the infinite mass approximation has been investigated through NNLO [59] [60] [61] [62] . Because of the shape of the gluon parton luminosity, which peaks at large values of x = m 2 H /s and decreases rapidly, the largest contribution to the hadronic single Higgs cross section comes from the region below the top quark threshold, s < 4m 2 t , where the large top mass approximation holds. As a consequence, finite mass corrections to single Higgs production have an effect of less than 1%. On the other hand, for double Higgs production the partonic energy is always s > 4m 2 H and the condition for validity of the low energy theorem, s ≪ 4m 2 t , is typically not satisfied. Fig. 3 shows the sensitivity of the results to the choice of the PDF sets. The exact result has a small sensitivity to the choice of LO vs NLO PDFs. However, the infinite mass limit (LET) of the result is quite sensitive to the choice of PDFs. Including higher order terms in the top mass expansion does not reduce this sensitivity to the choice of PDFs.
The inadequacy of the infinite mass approximation for double Higgs production becomes even more apparent when looking at kinematic distributions [57] . Consider for example the invariant mass of the HH system,
where S is the hadronic center of mass energy squared, M HH = √ s, and τ = s S
. In Fig. 4 we analyse the impact of the finite mass corrections to the invariant mass distribution at t ) terms. However, for p T > m t , the results from the heavy mass expansion drastically fail to approximate the exact distributions.
A similar behaviour has been observed for the differential cross section dσ/dp T in higher order corrections to single Higgs production [63] .
Non-Standard Model bottom quark Yukawa coupling
We briefly discuss the role of the bottom quark loops which are omitted when using the low energy theorems. In Yukawa coupling is increased by a factor of 50, this ratio goes to 9, and the low energy theorem is wildly inaccurate.
Additional heavy quarks
A simple extension of the Standard Model with additional quarks of charge quarks [65, 66] and the formulae in this section apply to both cases. We will take the new quarks to be in the fundamental representation of the color group. For an overview of the latest lower bounds on the masses of the additional quarks, see for example
Refs. [5, 67] . Note however that the experimental analyses always assume the new quarks to decay entirely either through W or though Z. This is not the case in our models, and the experimental limits are therefore weakened [6, 68, 69] .
In addition to the diagrams of 
with
We consider real couplings. Therefore Y ij = Y ji and A ij = −A ji , and only the terms involving two different quarks f i and f j contain pseudo-scalar couplings,
In the Standard Model Y ii = m i and A ij = 0.
For arbitrary masses m i and m j ,
where y and M are the Yukawa and the heavy quark mass matrices from Eq. 13. For the box topologies, the leading terms in the large quark mass expansion are
The relative minus sign between the vector and axial contributions comes from Eq. 14.
Although the leading terms of the triangle and box diagrams were calculated in the diagonal mass basis, the cyclicity of the trace and the fact that both M and y rotate according to the same unitary transformations allow one to cast the results in Eqs. 16 and 17
into a basis independent form. Hence the Yukawa and mass matrices can be evaluated both in the mass basis, where M is diagonal, and in the current basis. In the current basis,
. The infinite mass limit of both the triangle and box diagrams can also be obtained via the low energy theorems [47, 48] .
In our calculations in Sections III A and III B, we retain the full dependence of the leading order amplitude on the quark masses. However, for small mass splitting δ ≡ m 2 j − m 2 i the sub-leading terms have a simple and useful form,
Following [70] , we consider the infinite quark mass limit of these results and recast them into a convenient form for the calculation of the amplitudes for single and double Higgs production in models with extended quark sectors with respect to the Standard Model amplitudes. In the infinite mass approximation, the leading order amplitudes can be written as (Eqs. 16, 17)
where the omitted proportionality terms do not depend on the masses and Higgs couplings of the quarks. In the Standard Model, y tt = m t . The amplitudes only depend on the omitted proportionality factors, which therefore cancel when taking the ratio to the Standard Model result:
In Eq. 20 we used the relation y = ∂M ∂v [70] . Eq. 21 is equivalent to the result of Ref. [34] .
III. EXAMPLES A. Singlet top partner
We are interested in examining possible large effects in two Higgs production from gluon fusion in models which are consistent with precision electroweak measurements and the observed rate for single Higgs production. Topcolor models [23, 28] , top condensate models [24] [25] [26] [27] , and little Higgs models [49] [50] [51] [52] [53] [54] [55] all contain a charge 2 3 partner of the top quark.
We consider a general case with a vector SU(2) L singlet fermion, T 2 , which is allowed to mix with the Standard Model like top quark, T 1 [5, 68, 69, [71] [72] [73] . The fermions are,
Following the notation of [5] , the mass eigenstates are t, T and b = B 1 (where t, b are the observed top and bottom quarks), and can be found by the rotations
The chirality projectors are P L,R ≡ 
We will abbreviate
The fermion mass terms are
where
Without loss of generality, the T 2 L T 1 R term can be rotated away through a redefinition of the right handed fields. The model therefore contains three independent parameters in the top sector, which we take to be m t , M T and θ L . The consistency of the model with electroweak precision measurements and its decoupling properties have been studied in many works [5, 67, 69, [71] [72] [73] . We will not repeat this analysis here, but use the results of Ref. [5] .
It is interesting to note that in the limit θ L ∼ 0 (required by precision electroweak data), the mass terms for the top like quark and its partner become
where r = Since we are interested in Higgs production from the quark loops, we need the couplings to the Higgs boson,
where . These corrections are further suppressed by the small mixing angles allowed by the bounds from electroweak precision data [5] . Both total and differential distributions are very close to the Standard Model (Fig. 8) , and one cannot use double Higgs production to obtain information about additional vector singlet quarks. Fig. 8 uses the largest mixing angle allowed by precision electroweak data, and the reduction in the total cross section for the singlet top partner model from the exact Standard Model result is roughly 15%. This is of similar size to the reduction in the gg → H rate found in Ref. [5] .
This model is an example of a case which will be extremely difficult to differentiate from the Standard Model.
B. Mirror fermions
As a second example, we consider a model which has a generation of heavy mirror fermions [71, [74] [75] [76] [77] . There are four new quarks T 1 , T 2 and B 1 , B 2 , with charge , respectively. The quarks are in the SU(2) L representations,
The first set of heavy quarks has the quantum numbers of the Standard Model quarks, while The most general Lagrangian for the interactions of the mirror fermions with the Higgs doublet is,
The mass eigenstates χ q P (P = L, R ; q = t, b) are obtained through unitary rotations
and the mass matrices are
We will denote the two top-like and the two bottom-like mass eigenstates as T 1 , T 2 and B 1 , B 2 respectively. The Lagrangian parameters λ i can be expressed in terms of the physical quark masses and the mixing angles. We report these relations in Appendix A.
Since all the quarks have different quantum numbers, it is not possible to rotate away any parameter in the Lagrangian. However, the SU(2) symmetry requires that
and therefore
This relation can be written as
2 We will not explore UV completions of this model that can mediate the decay of the mirror fermions through higher-dimensional operators and prevent the new quarks from becoming stable.
where θ
R . The couplings of the fermion mass eigenstates to the Higgs boson are
Similar expressions hold in the bottom sector.
The couplings to the electroweak gauge bosons that are needed for the computation of the Peskin-Takeuchi parameters (Sec. III B 1) are reported in the Appendix.
Higgs production using low energy theorems in the mirror model
For single Higgs production through top quark and mirror fermion loops, the low energy theorem of Eq. 20 yields
where we introduce the fractional difference ∆ of the single Higgs amplitude from that of the Standard Model.
Both for simplicity and because one expects large corrections to the oblique parameters for a large mass splitting within each chiral doublet, we assume M T 1 = M B 1 = M and
In this limit,
where we impose (see Eq. 36)
Given the recent observations at the LHC, we are interested in the case when
One simple way to recover this limit is to have
which for single production gives
To get the Standard Model result for gg → H further requires either δ ∼ 0 or θ b R ∼ θ t R ∼ 0, where the constraint on the right-handed mixing angle in the top sector arises from Eq. 41.
The result of Eq. 43 can be understood by inspecting the Yukawa couplings in the limit
Similar relations hold for the charge − From the low energy theorem of Eq. 21, the box contributions to gg → HH production (including top quark loops) can be estimated,
3 This relation holds for small δ. where we defined
For θ
, Eq. 45 yields
Note that F We are interested in determining how large a deviation from the Standard Model gg → HH rate is possible with a minimal deviation in the gg → H rate. With the assumption of no mass splitting within the mirror doublets, there are five independent parameters: the mass scale M, which drops out in the heavy mass limit for the Higgs production rates, the mass splitting between families, δ, and three angles. Using Eq. 40, we replace one of the angles with the fractional deviation ∆ of the gg → H amplitude from that of the Standard Model,
We require this deviation to be within 10% and the mass splitting δ between the two mirror families not to be too large (0 < δ < 1), since we expect electroweak observables to put severe bounds on δ. Under these constraints, we perform a scan over δ, ∆, θ In the following, we fix θ t − = π 2 in order to focus on a region with large ∆ box , and analyse how double Higgs production depends on θ b + and δ for a Standard Model gg → H amplitude, ∆ = 0, and for ±10% deviations from it, ∆ = ±0.1. This analysis is shown in Fig. 10 for a heavy mass scale M = 800 GeV. To qualitatively understand the features of these plots, one 4 In the exact δ = 0 limit the result reads F can consider the limit of small deviations from the Standard Model single Higgs amplitude and small family splitting δ,
For almost degenerate mirror fermions (δ ∼ 0) and small deviations in single Higgs production from the Standard Model case, (which occurs when θ
), the dominant term is ∆ box ∼ −∆. When single Higgs production is suppressed, double Higgs production is always enhanced, while for a slightly enhanced Higgs single production rate, double production can also be suppressed. For ∆ = 0 and small δ, double Higgs production is also enhanced. In all cases, the minimal deviations from Standard Model double Higgs production occurs exactly
, while the maximum deviation is at
Finally, we note that the results of this section can be written in terms of an effective Lagrangian, which for δ = 0 is
Bounds from electroweak precision data
The new mirror quarks carry electroweak charges, and therefore contribute to the selfenergies of the electroweak gauge bosons [72, 74, 78] . A convenient way to parametrize these effects is through the Peskin-Takeuchi parameters [79, 80] ,
electroweak gauge bosons are reported in the Appendix.
We use the fit to the electroweak precision data given in Ref. [81] , 
The ∆χ 2 is defined as Fig. 11 we show the 95% allowed regions in the {sin θ b + , δ} parameter space for the three values of ∆ (red bands), along with the regions where the box enhancement is larger than 15% (blue diamonds). The experimental bounds typically require δ to be small. In this limit, the electroweak parameters assume simple expressions, where
and ∆ → 0 (Eq. 43). However, a large increase in the double Higgs rate from the box topology can be obtained only for large values of δ. In particular, for ∆ = 0.1 the electroweak precision observables do not allow the mass splitting to be large enough to obtain a significant enhancement, consistently with the results from 
Phenomenology of the Mirror Fermion Model and H → γγ
Once the parameters of the model are constrained to reproduce the Standard Model single
Higgs amplitude to within ±10% and to be allowed by a fit to the precision electroweak data, there is very little freedom left to adjust parameters. The differential cross section for gg → HH is shown for allowed parameters in Fig. 12 and it is clear that this class of models does not allow for a large enhancement of the HH production rate. The exact cross sections include both Standard Model t and b contributions, while the low energy theorem curves include the infinite mass limit of the heavy quark contribution. The largest allowed enhancement is found for ∆ = −0.1 and in this case, the total cross section, pp → HH is enhanced by ∼ 17% over the Standard Model rate.
The mirror fermions also contribute to the rate for H → γγ 5 . We again consider each mirror family to be degenerate between the charge 2 3 and charge − 1 3 quarks, and the two families to be split by a mass difference Mδ.
where we impose only the angle relation from Eq. 41 and expand for small δ. In the limit δ = 0 (and therefore θ b − = θ t − from Eq. 41), the branching ratio into photons cannot be larger than in the Standard Model.
We relate the deviations in the photon decay branching ratio to the deviation ∆ from the Standard Model single Higgs production rate 6 , 90% and enhancements up to 10%. Requiring also the single Higgs production rate to be 5 We consider only the contributions of heavy mirror quarks. Heavy leptons can also affect the H → γγ rate [82] [83] [84] [85] [86] . 6 This result holds for arbitrary values of the parameters. and a −10% deviation from the Standard Model prediction for the gg → H rate is allowed, only small enhancements (up to +10%) of the H → γγ rate are allowed. For a +10% enhancement in the single Higgs rate over the Standard Model prediction ( Fig. 11(c) ), the branching ratio into photons deviates from the Standard Model prediction by at most by a few percent. We show how these deviations depend on the free input parameters δ, sin θ b + in Fig. 13 , where we focus on ∆ = 0 and pick two values of δ which are allowed by the electroweak fit over all the range of θ ). The clear conclusion is that the restrictions from precision electroweak data, combined with a single Higgs production rate close to the Standard Model prediction, do not allow for significant deviations in the H → γγ rate in this class of models.
IV. CONNECTION TO GLUON-HIGGS DIMENSION SIX OPERATORS
An interesting idea [36] is to combine single and double Higgs production to gain insights on the mechanism giving mass to the particles that contribute to these loop-mediated processes. Including contributions up to dimension-6 operators, the effective Lagrangian responsible for the Higgs-gluon interactions can be written as
Particles whose mass arises entirely from renormalizable Higgs couplings induce an operator
If the particle receives contributions to its mass from other sources as well, an additional
arises. In the Standard Model c to Higgs single and pair production and the different rates in these channels constrain the coefficients c 1 and c 2 . Following [36] , one can derive these two coefficients in a background field approach. The Higgs field is treated as a background field, and the masses of the heavy particles become thresholds in the running of α s . Matching the low-and high-energy theories [47, 88] 
where M(H) is the Higgs-dependent mass matrix and δb f = 2/3 for fermions in the fundamental representation of the color group. This yields the effective Lagrangian
We write the determinant of the mass matrix as
where P is a polynomial of the Yukawa couplings λ i and fermionic masses m i and in general
, and all the higher order derivatives vanish before electroweak symmetry breaking, then the Higgs production rates via gluon fusion in the heavy quark limit are exactly as in the Standard Model In such a case, we note that for F i independent of Yukawa couplings and fermionic masses, the Higgs rates do not depend on the details of the fermion sector [34] and deviations can arise only from changes to the Higgs potential. If F i depends on the Yukawa couplings and fermionic masses, the Higgs rates will in general be related to these parameters. Such a situation occurs for example in the mirror fermion model. In this case
We define
In terms of the physical parameters, The coefficients governing single and double Higgs production are then
The two rates depend on the two independent parameters β t , β b from the top and bottom sectors. Even if we require the single Higgs rate, gg → H, to be close to the Standard Model 7 For the purpose of this discussion, we only need F ′′ i (0) = 0. Nonvanishing derivatives at higher orders only affect gluon fusion production of three or more Higgs bosons. value,
we are left with an independent parameter that can yield completely independent variations in the double Higgs rate.
In Fig. 14 , we show the regions of β b and β t which reproduce the Standard Model Higgs amplitude to within ∆ = ±10%. Imposing the constraint of Eq. 69 on the single Higgs rate in general constrains the double Higgs rate, gg → HH,
In the singlet case, c 1 = 0 and deviations in single and double Higgs rates must be of the same order of magnitude. In the mirror case, c 1 can deviate from zero, which removes the close relationship between single and double Higgs production.
In terms of the parameters of the mirror fermion model,
The term in the curly brackets correctly reproduces 1 + ∆ box from Eq. 49 for ∆ = 0, θ
A large effect in the double Higgs rate requires large c 1 , and, in turn, β t ∼ 1. This is seen in Fig. 15 , where we fix β b to reproduce the single Higgs rate within 10% the Standard Model value. However, from Eq. 67 β t → 1 implies δ → −1 or δ → ∞. These are not viable solutions. The first one corresponds to massless quarks. The second one requires non-perturbative interactions with the Higgs (large λ B , λ D ) for heavy quarks (large λ E , λ F ), as in Eq. 66. In the mirror fermion model discussed in this paper, large deviations in the gg → HH rate do not occur.
V. CONCLUSIONS
We analysed double Higgs production from gg → HH in the Standard Model and in models with additional heavy vector or chiral quarks. In the Standard Model, we compared the approximate results in the large top mass expansion with the exact cross section, and analysed the dependence of the production rate on the choice of the renormalization/factorization scale µ and on the PDF sets. As is well known [42, 57] , the low energy theorems fail to accurately reproduce both the total and differential double Higgs cross sections. The differential distributions are poorly estimated by the low energy theorems and predict a large tail at high invariant masses. The discrepancy is smallest for the scale choice µ = 2m H , yielding a 10 − 25% difference from the exact calculation of the total rate. Further, the predictions of the large top mass expansion depend sensitively on the choice of PDFs. Inclusion of higher order terms in the large mass expansion does not improve the convergence towards the exact results.
We discussed how the combination of single and double Higgs production from gluon fusion might give insight into the mechanism giving mass to quarks. The parameters of models with new heavy fermions are strongly constrained both by the observed rate for gg → H and by precision electroweak measurements. In the case of a new heavy vector singlet quark, electroweak precision observables strongly constrain its mixing with the top quark [5] Therefore, in the two example of models with new heavy fermions which we studied, the constraints from the observed gg → H rate, combined with precision electroweak data, do not allow large deviations of the gg → HH rate from the Standard Model prediction. 
with V 
We can rewrite these relations as
The neutral current interactions among quarks of charge Q are
The same relations, up to an overall minus sign, hold in the bottom sector. In more compact form we can write
where the plus sign holds in the top sector and the minus in the bottom sector.
